Abstract. We consider non-rotating geodesic perfect fluid spacetimes which are purely radiative in the sense that the gravitational field satisfies the covariant transverse conditions divH = divE = 0. We show that when the shear tensor σ is degenerate, H, E and σ necessarily commute and hence the resulting spacetimes are hypersurface homogeneous of Bianchi class A (modulo some purely electric exceptions).
Introduction
Although gravitational waves in perfect fluid spacetimes are usually studied via transverse traceless tensor perturbations on a Friedman-Lemaître-Robertson-Walker (FLRW) background, there is renewed interest in the so-called covariant approach [1] in which gravitational radiation is described via the electric and magnetic parts of the Weyl tensor, which represents the locally free part of the gravitational field. Perfect fluid spacetimes in which the covariant transverse conditions divE = divH = 0 hold at the non-perturbative level have been called purely radiative [2] and were shown to be very restricted in the sense that they would have to obey two non-terminating chains of integrability conditions. All the evidence so far seems to indicate that these conditions only hold in models with special symmetries, such as the spatially homogeneous spacetimes of Bianchi class A [3] . In models with realistic inhomogeneity, the gravito-magnetic field would therefore necessarily be non-transverse at second and higher order.
Recently we discussed purely radiative irrotational dust spacetimes for which the magnetic part of Weyl tensor is diagonal in the shear-electric eigenframe [4] , as well as their generalization to purely radiative and geodesic perfect fluids with non-constant pressure [5] . In the latter paper, hereafter referred to as paper I, we showed that the Bianchi class A perfect fluids with non-constant pressure could be uniquely characterized (modulo some purely electric exceptions) as those purely radiative models for which the magnetic and electric part of the Weyl tensor and the shear tensor are simultaneously diagonalizable. For the case of constant pressure the same conclusion holds provided the spatial gradient of the matter density ρ vanishes: the velocity then becomes orthogonal to the p = constant hypersurfaces, and hence the flow is irrotational [6] . Our aim now is to show that this analysis can be generalized to the case where H, E and σ are not necessarily simultaneously diagonalizable. For technical reasons we assume that the shear tensor is degenerate, but we hope that this extra condition will turn out to be redundant as well (work in progress).
In §2 we give an overview of the results of paper I which remain applicable to the case under study, while in §3 and 4 we present a proof of the main result.
Main equations
We will follow the notations and conventions of paper I. All calculations were performed using the OFRAME package [7] written in the symbolic computation language MAPLE and which is available from the authors.
The energy momentum tensor of a perfect fluid has the form:
while the commutators simplify to: 
Furthermore, acting with [∂ 0 , ∂ α ] (α = 2, 3) on θ gives us the time evolution of Z 2 and Z 3 :
which guarantees that we can adjust the rotation rate in the (e 2 , e 3 )-plane such that for example
. Note that Z 2 and Z 3 cannot both be zero, as then equation (12) would imply q 2 = r 3 = 0, such that by (7) the spatial gradient of ρ would vanish. The tetrad could then be further specified by rotating such that n 23 = 1 2
(r 1 + q 1 ) = 0, which by (9) would take us back to the case [5] . So henceforth we work in a fixed frame with Z 2 = Z 3 = 0 which implies r 3 = −q 2 . Applying the commutators [∂ 1 , ∂ 2 ] and [∂ 3 , ∂ 1 ] to θ and combining the resulting equations, we obtain:
Propagating Z 2 = Z 3 along e 2 and e 3 results in
which together with (13) and the 'dotH' equationṡ
leads to the key equation:
where χ ≡ Z 2 (2E − 9σ 2 ) + 45q 2 σ 3 . If we propagate χ = 0 twice along the fluid flow lines, we re-obtain Z 2 = Z 3 = 0. From (15) we conclude therefore that n 2 2 − n 2 3 = 0 and hence, by (14), q 3 = −r 2 . The resulting cases n 2 + n 3 = 0 and n 2 − n 3 = 0 will be investigated in the following paragraphs.
3. The case n 2 + n 3 = 0
The 'dotE' equationṡ
imply that also curlH is diagonal in the shear eigenframe. Using the off-diagonal components of curlH we can propagate n 2 + n 3 = 0 along e 2 and e 3 respectively, which leads to
First notice that Z 2 − 4q 2 σ = 0 would lead to a vanishing spatial gradient of the matter density. In fact, propagating Z 2 − 4q 2 σ = 0 along the fluid flow lines gives q 2 (8E − 7σ 2 ) = 0, after which the propagation of 8E − 7σ 2 = 0 along e 2 would imply q 2 σ 2 = 0 and hence Z 2 = Z 3 = 0. From (16) we conclude therefore that n 2 = n 3 = r 1 = 0.
Propagating n 2 = 0 along e 1 one obtains then
Acting with the commutator [∂ 0 , ∂ 2 ] on Z 2 and using (17) allows us to eliminate E, which implies
and which also shows that q 2 = 0. Propagating the latter relation along e 3 and using (18) to eliminate ρ one finds:
When we propagate the first factor along the fluid flow lines, we obtain an expression for ρ which, after substitution in (17), would lead to the "anti-Newtonian" result E = 0, which is impossible [8] . On the other hand, if we apply the same procedure to the second factor of (3), we get σ(4Z 2 −9q 2 σ) = 0 which gives a contradiction with 4Z 2 −21q 2 σ = 0.
4. The case n 2 + n 3 = 0
We now have n 3 = n 2 = 0, which, when propagated along e 1 , implies
Acting with the commutator [∂ 0 , ∂ 2 ] on ρ, Z 2 and r 1 we arrive at the following expressions involving the matter density and the pressure: 
Eliminating q 3 from (20) and (21) gives the relation
Notice that r 1 has to be different from zero (see the appendix). This enables us to introduce new dimensionless variables,
and m = ρ σ 2 , which satisfy the following evolution equations
xn + 4 n − 3 y 2 r + 3 qy − 2 rn − 2 r.
In what follows we will show that the propagation of equations (20) and (21) implies that x is constant. Then however (25)(a) and ∂ 0 ∂ 2 x = ∂ 2 0 ∂ 2 x = 0 simplify to (x − 6)(x − 3) 2 y 2 + 9x = 0 and σ(x − 6)(x − 3) 3 y 2 = 0. This implies x = 0, which brings us back to the degenerate shear case of paper I and thereby finishes the proof of our theorem.
First we rewrite equations (20), (21) and (23) 
Propagation along e 2 of (27) and (28) 
Eliminating q and n from the latter pair of equations and (28) we obtain a polynomial relation between x and y:
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